Abstract: In this paper the steady three-dimensional stagnation-point flow of an incompressible, homogeneous, electrically conducting Newtonian fluid over a flat plate is investigated numerically. The fluid is permeated by a uniform external magnetic field H 0 . The effects of the magnetic field on the velocity profiles are presented graphically and discussed. This paper completes the analysis concerning the Newtonian fluids devoleped in [4] .
Introduction
The three-dimensional stagnation-point flow occurs when a jet of fluid impinges on a rigid body. This is an important example of flow where the three velocity components appear.
This motion has been object of many investigations starting from the paper of Homman in 1936 ( [1] , [2] , [3] ). Through similarity transformations, the study of such a flow is reduced to a non-linear ordinary differential boundary value problem. The obtained system depends upon a parameter c > −1 which is a measure of three-dimensionality.
The aim of this paper is to complete our previous analysis concerning the steady three-dimensional flow of an incompressible, homogeneous, electrically conducting Newtonian fluid permeated by a uniform external magnetic field H 0 near a three-dimensional stagnation-point of a rigid wall ( [4] ). The coordinate axes are fixed so that the stagnation-point is the origin and the rigid wall coincides with the plane x 2 = 0.
In [4] we have proved that, if we impress an external magnetic field H 0 , and we neglect the induced magnetic field (as it is customary when the magnetic Reynolds number is very small), then the steady three-dimensional MHD stagnation-point flow is possible if, and only if, H 0 has the direction of one of the coordinate axes. In all cases by means of similarity transformations, we find that the flow has to satisfy a non-linear ordinary differential boundary value problem whose form depends on the direction of H 0 . The magnetic field influences the solutions of the three problems through the Hartmann number M 2 .
In this paper we solve the boundary value problems by numerical integration, because they are not solvable by means of analytical functions due to non-linearity.
We underline that if M 2 = 0, then the systems we find reduce to the system governing the flow of a Newtonian fluid in the absence of the magnetic field. For this last problem, some results concerning existence are known in the literature ( [5] , [6] , [3] ). In the presence of the magnetic field, there are not theoretical results concerning the existence of solutions. Moreover from the numerical point of view we underline that the case in which H 0 is orthogonal to the rigid wall (our Case II) is the unique one usually studied in the literature.
By means of our numerical results, we find that H 0 tends to prevent the reverse flow which occurs in the absence of the magnetic field for suitable negative values of c ( [3] ). The influence of the magnetic field on the reverse flow was also found in [7] in other physical situations.
The presence of H 0 modifies also the thickness of the boundary layer which decreases as M 2 increases. This effect occurs in all cases studied and it is standard in MHD.
By using numerical integration, we classify the stagnation-point as nodal or saddle point and as attachment or separation point. The classification depends on c and M 2 . In Case II and Case III, as for M 2 = 0, the origin is a point of attachment. In Case I, we find a new result: when M 2 is sufficiently large and c assumes suitable negative values, then the stagnation-point becomes a separation point. Further in all the three cases, if c > 0 or where there is the reverse flow, the origin is a nodal point, while when c < 0 and the reverse flow does not appear, it is a saddle point.
We notice that from a theoretical point of view, MHD flows of this type are fundamental in fluid dynamics. From a practical point of view, stagnation-point flows are ubiquitous in the sense that they inevitably appear as a component of more complicated flow fields. So the investigation in this area is motivated by the possibility of solving exactly the boundary layer equations at the stagnation point and by their relevance to a wide range of engineering, industrial and technical applications. The paper is organized in this way:
In Section 2, we formulate the problem, recall the results contained in [4] and define the nodal, saddle, attachment and separation points.
In Section 3, we integrate numerically the previous problems, and discuss the behaviour of the solutions.
Section 4 is devoted to conclusions.
Overview of the Problem
In [4] we have studied the steady three-dimensional MHD stagnation-point flow of an incompressible homogeneous electrically conducting Newtonian fluid towards a flat surface. We assume that the flat surface is the rigid, fixed, nonelectrically conducting wall of equation x 2 = 0, so that the flow is confined to the half-space S = {(x 1 , x 2 , x 3 ) ∈ R 3 : (x 1 , x 3 ) ∈ R 2 , x 2 > 0} (see Figure 1 ). As it is well known ( [8] , [3] ), the three-dimensional stagnation-point flow is described by a velocity field of the form
where a is a positive parameter, c is a constant which is a measure of threedimensionality, f, g are sufficiently regular unknown dimensionless functions and η = a ν x 2 . We exclude in our analysis c = 0, because this describes the orthogonal plane stagnation-point flow .
Moreover the usual adherence condition on the boundary supplies
As it is customary, we assume that at infinity, the flow approaches the flow of an inviscid fluid impinging on the flat plane η = h ( [3] , [4] ), whose velocity is given by:
The constant h in (3) is the three-dimensional displacement thickness ( [3] ) and it is related to the behaviour of f and g at infinity. Actually, if
with α, β some constants, then
from which h = α + cβ 1 + c .
The constants α, β are not assigned a priori, but their values can be found by solving the problem. As we will see, the three-dimensional displacement thickness h can be positive or negative. We exclude the case c ≤ −1 because we impose in (3) the condition v 2 < 0, so that the inviscid fluid moves towards the wall η = h. Hence we assume c ∈ (−1, 0) ∪ (0, +∞).
In [4] we have proved the following Theorem 1. Let a homogeneous, incompressible, electrically conducting Newtonian fluid occupy the half-space S. If we impress the external magnetic field H 0 parallel to one of the axes (with unit vector e i for i = 1, 2, 3) and if we neglect the induced magnetic field, then the steady three-dimensional MHD stagnation-point flow of such a fluid has the form (1), E = 0, and
where M 2 is the Hartmann number 1 ;
with the boundary conditions (7);
with the boundary conditions (7). (6), (8), (9) reduce to
1 For the convenience of the reader, we recall that
ρa , where σe is the electrical conductivity, µe is the magnetic permeability, ρ is the mass density of the fluid (positive constants).
which are the dimensionless equations governing the three-dimensional stagnationpoint flow of a Newtonian fluid in the absence of H 0 . In [3] it is proved that the problem (10), (7) does not admit solution for c < −1. As far as existence of solutions is concerned, we refer to [5] , [6] .
Remark 3. In [4] we have shown that the pressure field which corresponds to the three problems of the previous theorem is respectively :
It is important to explicit the pressure field because, as it is well known, when a fluid moves past a body, if one of the components of the pressure gradient along a body surface has the same sign of the corresponding component of the velocity, then the reverse flow appears. In the absence of the external magnetic field for the three-dimensional stagnation-point flow, the numerical results ( [3] , [9] ) show that there exists a negative value of c (c r ) such that if c ≥ c r , then g ′ , g ′′ > 0 ∀η > 0, and if c < c r then near the wall g ′ , g ′′ < 0, so that the reverse flow appears (i.e. v 3 has the same sign of ∂p ∂x 3 ).
The reverse flow is also related to a sign change of the scalar component of the skin friction (τ 0 ) in the direction of e 3 (see (15) .
When an external magnetic field H 0 is impressed, as one can see from (11), (12), (13), the pressure field depends on H 0 through the Hartmann number M 2 , which influences the sign of the components of the pressure gradient along the wall. For this reason, as we will see in the next section, the presence of the external magnetic field tends to prevent the occurrence of the reverse. This behaviour appears more clearly in Cases I-II, and it has also been observed in [7] in other physical situations.
Remark 4.
As it is underlined in [10] , at a very small distance η from the surface of an obstacle, the velocity of a Newtonian fluid is approximately
where τ 0 is the skin friction vector, which in our situation is given by
Moreover the normal component of the velocity at a higher order of approximation is
We see from (14) that close to the obstacle the direction of streamlines becomes parallel to its surface, except where τ 0 = 0. This condition that both tangential components of skin friction vanish simultaneously, is satisfied in general only at isolated points of the surface, which are called 'points of separation' if ∆ s < 0 (so that the normal velocity (16) is positive) and 'points of attachment' if ∆ s > 0. In our analysis, the only isolated point such that τ 0 = 0 is the origin, i.e. the stagnation-point, and
Streamlines very near to the surface lie closely along the skin friction line, as (14) indicates. There is just one skin friction line and one vortex line through each point of the surface, except a point of attachment or separation. These last are 'singular points' of the differential equations of both systems of curves. Such singular points are classified into two main types, depending on the sign of:
A singular point where J s < 0 is a 'saddle point', and where J s > 0 there is a 'nodal point'.
We remark that we have
From these considerations it is clear that we need to know the signs of c, f ′′ (0), g ′′ (0) in order to classify the stagnation-point.
As it is underlined in [9] , 2 in the case M 2 = 0 from the numerical results one has that the stagnation-point is a nodal point of attachment if c > 0 or c < c r = −0.4294, while it is a saddle point of attachment if c r ≤ c < 0.
Finally there is a limiting direction of our flow at the boundary, which is also the direction of the resultant skin friction, and this direction is inclined to the main stream at an angle ǫ:
Numerical Results and Discussion
In this section we discuss the numerical solutions of the three problems here considered. These numerical solutions are obtained using the MATLAB routine bvp4c described in [11] . The values of the parameter c are chosen according to [3] , [2] .
In the sequel, we will see that the solution (f, g) of the three problems here considered satisfies the conditions (4); therefore we define:
• η f (η g ) the value of η such that f ′ (η f ) = 0.99 (g ′ (η g ) = 0.99).
From the numerical integration we will find that the influence of the viscosity on the velocity appears only in a layer lining the boundary whose thickness is δ = max(η f , η g ).
Case I: H
We have solved problem (6), (7) numerically. Figure 2 shows the graphics of f, f ′ , f ′′ for M 2 = 1, and c = 0.25. As one can see, lim
The numerical integration furnishes the value of α when M 2 and c change, as it is shown in Table 1 . Our results are consistent with the previous studies when M 2 = 0 ([3], [2] ). In particular when M 2 = 0 and c = 1 we obtain the η− axial symmetric flow: α = β = h and f ′′ (0) = g ′′ (0). We notice that there are no results in the literature if M 2 = 0.
As far as the behaviour of g, g ′ , g ′′ is concerned, we recall that c r is the negative value of c such that if c ≥ c r , then g ′ > 0 ∀η > 0, and if c < c r then the reverse flow appears at a very small distance from the wall, i.e. v 3 has the same sign of ∂p ∂x 3 . If c < c r then the behaviour of g, g ′ , g ′′ is shown in Figure   3 1 , otherwise it is given in Figure 3 2 . Table 1 shows that if M 2 is fixed, then when c increases, the values of f ′′ (0), g ′′ (0) increase, while the values of α, β, η f , η g decrease. Hence the thickness of the boundary layer decreases when c increases.
In Table 1 , we see also the values of the descriptive quantities of the motion when M 2 increases. In this case g ′′ (0) and η f increase, while β and η g decrease. As far as f ′′ (0) and α are concerned, when M 2 increases, we have that f ′′ (0) increases if c > 0, otherwise decreases, and α decreases if c > 0, otherwise increases.
We have that the thickness δ of the boundary layer depends on M 2 and decreases when M 2 increases (as easily seen in Figures 4) . This effect is standard in magnetohydrodynamics.
Finally from Table 1 we remark that the value of h, which is the the hight of the plane towards which the inviscid fluid moves, regardless of the values of M 2 , increases if c < 0, while it decreases if c > 0. Table 2 shows that as the Hartmann number M 2 increases, the value of c r for which the reverse flow does not occur (i.e. when g ′′ (0) = 0) decreases and when M 2 = 0.8123, the reverse flow does not occur at all for any value of c.
Hence the magnetic field prevents the occurrence of the reverse flow. This fact could be explained by observing that
from which one can see that the signs of c and of (c + M 2 ) modify the sign of ∂p ∂x 3 .
As far as the classification of the stagnation-point is concerned, we have found a very interesting new result: for negative values of c when M 2 ≥ 2.6662, the origin becomes a point of separation, unlike of what occurs in the absence of the magnetic field or in the next two cases, as we will see. We note that if M 2 < 2.6662, then the stagnation-point is always a point of attachment. Moreover if c > 0 or where there is the reverse flow, the origin is a nodal point, while when c < 0 and the reverse flow does not appear, it is a saddle point (as we can see from Table 3 ). In Table 4 , for some values of M 2 ≥ 2.6662, we list the negative value of c (c s ), for which if c < c s then the origin is a separation point, while if c ≥ c s then it is an attachment point. The change of the origin from attachment point to separation point could be explained by the form of system (6). Since M 2 directly influences g and only indirectly influences f , then when M 2 increases, g ′′ (0) becomes much greater than f ′′ (0) as we can see from tables 1, 2.
In order to summarize the classification of the stagnation-point in dependence on M 2 and c, we provide Figure 5 . We have solved problem (8) , (7) numerically.
The behaviour of f , f ′ , f ′′ , g, g ′ , g ′′ is the same as in Case I. In particular, when c < c r the reverse flow appears.
We refer to Figures 2 and 3 for the solution of the problem.
The numerical integration furnishes f ′′ (0), g ′′ (0), h, α, β, η f , and η g : their values, when M 2 and c change, are shown in Table 5 .
We notice that if M 2 is fixed, then the descriptive quantities behave as in Case I when c increases.
When c is fixed, we find that if M 2 increases, then f ′′ (0), g ′′ (0) increase, while the other parameters decrease.
Hence we have that the thickness δ of the boundary layer decreases when M 2 increases (as easily seen in Figures 6) . In this case the thickness of the boundary layer is smaller than in Case I. Table 6 shows that as the Hartmann number M 2 increases, then the value of c r for which the reverse flow does not occur decreases and when M 2 = 0.7583, the reverse flow does not occur at all for any value of c. In this case
from which one can see that the signs of c and of (c + 2M 2 ) modify the sign of ∂p ∂x 3 .
As far as the classification of the stagnation-point is concerned, we have found that f ′′ (0) + cg ′′ (0) is always positive, so that the origin is a point of attachment. We remark that in this case M 2 directly influences f and g, as we can see from system (8).
Moreover if c > 0 or where there is the reverse flow, then the origin is a nodal point, while when c < 0 and the reverse flow does not appear, it is a saddle point. These results are the same as for M 2 = 0. We have solved problem (9), (7) numerically. The behaviour of f , f ′ , f ′′ , g, g ′ , g ′′ is the same as in Case I and Case II. In particular, when c < c r the reverse flow appears.
We refer to Figures 2 and 3 for the solution of the problem. The numerical integration furnishes f ′′ (0), g ′′ (0), h, α, β, η f , and η g : their values, when M 2 and c change, are shown in Table 7 .
We notice that if M 2 is fixed, then the descriptive quantities behave as in Case I when c increases, even if they do not change in a relevant way compared to the previous cases.
When c is fixed, we note that if M 2 increases, then f ′′ (0), g ′′ (0) increase, while the other parameters decrease.
Hence the thickness δ of the boundary layer decreases when M 2 increases (as easily seen in Figures 7) and the boundary layer is thinner than in Case II. Table 8 shows that as the Hartmann number M 2 increases, then the value of c r for which the reverse flow does not occur (i.e. when g ′′ (0) = 0) decreases very slowly, so that in this case the influence of the magnetic field is much less 
2 ) so that they have the same sign that they would in the absence of the external magnetic field. In particular, we see that the reverse flow always appears for physically meaningful values of M 2 .
As in the previous case, the origin is always a point of attachment. As one can see, M 2 directly influences f and only indirectly influences g in system (9), so that when M 2 increases, f ′′ (0) becomes much greater than g ′′ (0).
Moreover if c > 0 or where there is the reverse flow, the origin is a nodal point, while when c < 0 and the reverse flow does not appear, it is a saddle point.
Conclusions
A numerical study is performed for the steady three-dimensional MHD stagnationpoint flow of an incompressible, homogeneous electrically conducting Newtonian fluid over a flat plate in the presence of a uniform external magnetic field. This paper completes our previous analysis concerning the Newtonian fluids ( [4] ) where we have proved that, if we impress an external magnetic field H 0 , and we neglect the induced magnetic field, then the steady three-dimensional MHD stagnation-point flow is possible if, and only if, H 0 has the direction of one of the coordinate axes.
We have solved numerically the three non-linear ordinary boundary value problems by using the MATLAB routine bvp4c.
The results of Cases I-III are totally new.
The following conclusions can be made for the three cases considered.
• The presence of the magnetic field modifies the thickness δ of the boundary layer which decreases as M 2 (the Hartmann number) increases.
• H 0 tends to prevent the occurrence of the reverse flow in a relevant way in Cases I-II.
• The three-dimensional displacement thickness h can be positive or negative. When the reverse flow appears it is negative.
• In Case II, δ and the value of M 2 starting from which the reverse flow does not appear for any values of c are smaller than in the other cases.
• The stagnation-point has been classified as nodal or saddle point and as attachment or separation point. In Case II and Case III, as for M 2 = 0, the origin is a point of attachment.
In Case I, we find a new result: when M 2 is sufficiently large and c assumes suitable negative values, then the stagnation-point becomes a separation point.
Further in all cases if c > 0 or where there is the reverse flow, the origin is a nodal point, while when c < 0 and the reverse flow does not appear, it is a saddle point.
